Introduction {#Sec1}
============

In this paper, we propose a semantics for multi-agent reasoning about uncertain beliefs. Using a suitable fuzzy logic for its representation makes it possible to formalize doxastic reasoning under uncertainty in a rather parsimonious way, which is of particular importance, e.g., in software modeling of rational agents.

As a prominent measure of uncertainty, we apply a fuzzy probability measure to fuzzy doxastic propositions. Fuzzy-logical modeling of probability started with \[[@CR13]\]. Common approaches include two-layered expansions of suitable fuzzy logics by a fuzzy modality *probably,* states of MV-algebras, and probabilistic fuzzy description logics \[[@CR10], [@CR15], [@CR16]\]. Here we generalize the fuzzy modal approach of \[[@CR13]\], overcoming some of its limitations given by its two-layered syntax. Generally, though, we do not want to restrict the framework to perfectly rational agents. Therefore, we introduce a more general semantics that admits also probabilistically incoherent assignments of certainty degrees. This paves the way not only for accommodating the reasoning of probabilistically irrational agents, but also for modeling the agents' reasoning about the other agent's (ir)rationality and its potential exploitability.

As an illustration of the semantic framework, we apply it to probabilistic reasoning in game-theoretic situations. This application belongs to the broader research area of *logic in games* \[[@CR4]\], which aims at a formal reconstruction of game-theoretical concepts by means of formal logic. As an interface between fuzzy logic and game theory, we employ the representation of (a broad class of) strategic games in fuzzy logic laid out in \[[@CR2]\]. In the game-theoretic setting, the framework enables formalizing the player's beliefs about each other's choice of strategy, including higher-order beliefs (i.e., beliefs about the beliefs of others). In the game-theoretic setting, probabilistic beliefs are particularly important, due to the players' uncertainty about each others' choice of strategy, the possibility of using mixed (i.e., probabilistic) strategies, and is especially pronounced in games with incomplete information (such as most card games).

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we gather prerequisites for developing fuzzy doxastic and probabilistic logic, including the logic and the notion of fuzzy probability measure. Fuzzy doxastic and probabilistic models for multi-agent reasoning are presented in Sect. [3](#Sec3){ref-type="sec"}. Next, in Sect. [4](#Sec4){ref-type="sec"}, we define fuzzy doxastic and probabilistic logic and discuss its relationships to various known logics. Section [5](#Sec5){ref-type="sec"} provides an overview of game-theoretical notions formalized in fuzzy probabilistic or doxastic logic; subsequently, we apply these notions to represent probabilistic reasoning in a simple two-player game. Finally, the features of the introduced formalism and topics for future work are summarized in Sect. [6](#Sec6){ref-type="sec"}.

Preliminaries {#Sec2}
=============

For the formalization of probabilistic and doxastic reasoning in games, we will employ the expressively rich fuzzy logic . This choice is made for the sake of uniformity, even though many constructions described below can as well be carried out in some of its less expressive fragments such as or . For details on the logic see \[[@CR7], [@CR9]\]; here we just briefly recount the definition.

A salient feature of the logic is that it contains the connectives of many well-known fuzzy logics, including the three prominent t-norm based fuzzy logics (Gödel, , and product).
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The general (linear) algebraic semantics of is given by the class of (linear) $\documentclass[12pt]{minimal}
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Like other fuzzy logics, also enjoys completeness w.r.t. the classes of linear and all -algebras. Except for the two-element -algebra $\documentclass[12pt]{minimal}
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The first-order logic , denoted by , is defined as usual in fuzzy logic: in a first-order model $\documentclass[12pt]{minimal}
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First-order can be extended by the axioms for crisp identity, $\documentclass[12pt]{minimal}
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The present paper will also make use of the logic of a higher order. Higher-order logic has been introduced in \[[@CR1]\] and its Church-style notational variant in \[[@CR20]\]. For the full description of higher-order we refer the reader to \[[@CR1]\] or \[[@CR3], Sect. A.3\]; here we only highlight some of its features relevant to our purposes.

Of the full language of higher-order , in this paper we will only need its monadic fragment. Its syntax contains variables and constants for individuals ($\documentclass[12pt]{minimal}
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Besides the connectives of and the quantifiers of (applicable to variables of any order), the language of monadic higher-order also contains *comprehension terms* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x^{(n)} \mid \varphi \}$$\end{document}$, for all variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x^{(n)}$$\end{document}$ of any order *n* and all well-typed formulae $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi $$\end{document}$. In $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{L}$$\end{document}$-valued models, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x \mid \varphi (x)\}$$\end{document}$ denotes the fuzzy set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\in \varvec{L}^X$$\end{document}$ which assigns to each value of *x* the truth value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (x)$$\end{document}$. Analogously, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{P \mid \varphi (P)\}$$\end{document}$ denotes the second-order fuzzy set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal A\in \varvec{L}^{\varvec{L}^X}$$\end{document}$ which assigns to each value of *P* the truth value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (P)$$\end{document}$, etc.

We will denote the higher-order logic by . Its Henkin-style axiomatization in multi-sorted , consisting of the axioms of extensionality and comprehension for each type and complete w.r.t. Henkin models, can be found in \[[@CR1], [@CR3]\].

In what follows we will need the following first-order fuzzy set operations (definable in ):

Definition 1 {#FPar1}
------------
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The following sections also refer to fuzzy probability measures, which have been extensively studied in the literature; for an overview see \[[@CR10]\]. Fuzzy probability measures are usually defined as valued in the real unit interval \[0, 1\]; here we use the definition generalized to any -algebra $\documentclass[12pt]{minimal}
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Definition 2 {#FPar2}
------------
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Finally, let us briefly recall (multi-agent) *standard doxastic logic,* since fuzzy probabilistic and doxastic logics introduced below adapt its models to make them suitable for uncertain doxastic reasoning. For details on standard doxastic logic see, e.g., \[[@CR18]\]. Standard multi-agent doxastic logic expands classical propositional logic by (freely nestable) unary modalities $\documentclass[12pt]{minimal}
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Fuzzy Doxastic Models {#Sec3}
=====================

For the modeling of doxastic or probabilistic reasoning of agents, we will employ a suitable fuzzy variant of possible-world (intensional) semantics (cf. \[[@CR3], [@CR6], [@CR8], [@CR21]\]). The multi-agent fuzzy doxastic frames introduced in the following definition are a variant of similar structures that have already been employed for the semantics of probabilistic reasoning in the literature \[[@CR5], [@CR11], [@CR12], [@CR22]\]. They also generalize (an equivalent reformulation of) the Kripke frames of standard doxastic logic \[[@CR18]\].

Definition 4 {#FPar4}
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Fuzzy subsets of the set *W* of possible worlds are called *(fuzzy) propositions* or, synonymously, *(fuzzy) events.* In a multi-agent fuzzy doxastic frame $\documentclass[12pt]{minimal}
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Definition 5 {#FPar5}
------------
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Thus, in fuzzy probabilistic frames, the subjective probability measures $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu _{a,w}$$\end{document}$ of all agents *a* and in all world states *w* are supposed to satisfy the axioms of fuzzy probability from Definition [2](#FPar2){ref-type="sec"}. This corresponds to the assumption of probabilistic rationality of all agents. In fuzzy doxastic frames, this condition is relaxed, which makes it possible to model agents with incomplete or incoherent assignments of probabilities.

In the probabilistic setting, the most common choice of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{L}$$\end{document}$ will be that of the standard -algebra, ; nevertheless, the definition also admits other -algebras of certainty degrees that may be suitable for probabilistic or doxastic reasoning, including the two-valued, rational-valued, or hyperreal-valued ones.

We will use fuzzy doxastic and probabilistic frames in the standard manner to define models for probabilistic and doxastic fuzzy modal logic. First we need to specify the modal language:

Definition 6 {#FPar6}
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Definition 7 {#FPar7}
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                \begin{document}$$\varvec{F}$$\end{document}$ is a fuzzy probabilistic frame, we speak of a *fuzzy probabilistic model.*

As usual in intensional possible-world semantics, the semantic value of a formula $\documentclass[12pt]{minimal}
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-----
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Fuzzy Probabilistic and Doxastic Logic {#Sec4}
======================================

The notions of truth, validity, tautologicity, and (local) entailment w.r.t. (classes of) fuzzy doxastic models are defined as usual in (fuzzy) intensional semantics (cf. \[[@CR3], [@CR6], [@CR8]\]):
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Proof {#FPar14}
-----

Straightforward by definitions, analogously to \[[@CR3], Th. 5.9\].

Proposition 2 {#FPar15}
-------------
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Proof {#FPar16}
-----
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Probabilistic and Doxastic Logic in Strategic Games {#Sec5}
===================================================

In this section we illustrate the apparatus of fuzzy probabilistic logic by applying it to formalization of uncertain doxastic reasoning in matrix games. In order to do so, we first need to have the game, determined by its payoff matrix, represented by formulae of fuzzy logic.

Logical representation of matrix games with only two strategies of each player and only two payoffs (*Boolean games*) was done in \[[@CR14]\]. In \[[@CR17]\], the representation was extended to finite strategic games with payoff values in finite MV-chains (*Łukasiewicz games*). A representation of a fairly broad class of matrix games in suitable fuzzy logics (including ) was obtained in \[[@CR2]\]. The latter representation covers all finite matrix games with rational payoffs, and also all *n*-player matrix games with strategies that can be mapped into rationals or reals from \[0, 1\] and with each payoff function -representable. In this representation, the players' strategies and utilities (payoff values) are all encoded as elements of the standard -algebra and the payoff function of a player *a* is expressed by an -formula $\documentclass[12pt]{minimal}
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Definition 11 {#FPar17}
-------------
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Observe that a player *a*'s best-value strategy is indicated by the formula:$$\documentclass[12pt]{minimal}
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As an illustrative case study generalizable to any finite matrix game, the following example provides an analysis of strategy choices in the well known game of Stag Hunt.

Example 1 (Stag Hunt) {#FPar18}
---------------------
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                \begin{document}$$s^b_\mathbf{D}$$\end{document}$). The payoffs are given by the following payoff matrices:The game has two pure Nash equilibria: either both players cooperate or both defect. Of the two, mutual defection is risk dominant (i.e., less risky), while the other is payoff dominant (i.e., yields better payoffs). Consequently, the more uncertainty about the other player's cooperation, the better to defect; however, if the player considers the other player's cooperation sufficiently probable to make it worth the risk, cooperation has a better expected value.
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                \begin{document}$$\frac{1}{3}$$\end{document}$. Formula ([5](#Equ5){ref-type=""}) says that if *a* believes that *b* plays rationally and that *b* believes that *a* is going to defect, then *a*'s best-value strategy is to defect. It is straightforward to verify that the standard translations of both formulae by Definition [10](#FPar12){ref-type="sec"} are indeed derivable in from the standard translation of $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

In this contribution, we proposed a logic for modeling probabilistic and doxastic multi-agent reasoning (Definition [9](#FPar11){ref-type="sec"}). The main feature of our approach is a parsimony of the presented formalism. We rendered propositions in the fuzzy logic , which is expressively rich enough to provide the basic apparatus for formalizing game-theoretical notions therein.

In Sect. [3](#Sec3){ref-type="sec"}, we formulated a technical result related to a syntactic verification method for probabilistic and doxastic laws (Proposition [2](#FPar15){ref-type="sec"}). An open question remains the axiomatization of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathscr {S}_A$$\end{document}$ itself, or at least an axiomatic approximation sufficiently strong for formalizing common probabilistic or doxastic reasoning.

Further, we showed in Sect. [5](#Sec5){ref-type="sec"} that in the proposed logic, various important game-theoretic concepts (such as expected values and best strategy choices under uncertainty) can be expressed by formulas and derived by logical deduction. Similarly as the Stag Hunt game (Example [1](#FPar18){ref-type="sec"}), the framework can formalize uncertain reasoning in other simple matrix games such as the Prisoner's Dilemma, Chicken, Matching Pennies, Paper--Rock--Scissors, etc. The framework also naturally accommodates higher-order beliefs and, being based on fuzzy logic, also various graded concepts in games (such as the strength of a player's hand in Poker).

In Sect. [5](#Sec5){ref-type="sec"} we assumed that the agents' beliefs are governed by the axioms of fuzzy probability (i.e., that $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu _{a,w}$$\end{document}$ are fuzzy probability measures). In future work, we want to model also agents with incoherent probability assignments, in order to formalize how to exploit their irrationality in games by Dutch-book strategies.
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